Since the late 1990s both theoretical and experimental investigations of physical processes that are sensitive to the carrier-envelope phase ͑CEP͒ of few-cycle infrared ͑IR͒ laser pulses have increased significantly ͑see, e.g., ͓1-8͔ as well as the reviews ͓9,10͔ and references therein͒. Over the same period, investigations of chirped ͑many-cycle͒ IR laser pulses have focused primarily on the role played by excited bound states ͓11-14͔. A recent investigation of multiphoton ionization of the Cs atom by chirped two-cycle laser pulses ͑having frequency = 1.55 eV and 5.3 fs duration͒ found significant effects of both the CEP and the chirp of the laser pulse on the angular distributions of photoelectrons with an energy of 1.8 eV; asymmetries were found in the yield of electrons ionized in the upper and lower hemispheres along the laser polarization axis ͓15͔. Note that in this study, the Cs 6p state is very close to the one-photon resonance ͓15͔. Also, an earlier investigation ͓14͔ of multiphoton ionization of the Na atom using chirped five-cycle 13.3 fs laser pulses found no chirp effects on ionized electron angular distributions when "calculations without excited bound states" were carried out; it also found no chirp effects in calculations using a photon energy of = 6.2 eV ͑which exceeds the Na ionization potential of 5.14 eV͒. Thus, an open question remains concerning the effects of chirped few-cycle laser pulses when the photon energy exceeds the ionization threshold of an atom.
In the attosecond regime, few-cycle ͓16͔ and single-cycle ͓17,18͔ attosecond pulses with stable and even tunable CEPs have been achieved experimentally. Significant effects of the CEP on ionized electron momentum and energy distributions have been investigated theoretically in some detail and found to be significant at intensities just above current experimental capabilities ͓19,20͔. It is well known that current techniques for generating attosecond pulses introduce a chirp ͓21,22͔. Recently, a theoretical investigation of the photoelectron spectrum of a coherently populated superposition of electronic states for the hydrogen atom that was ionized by a chirped many-cycle attosecond pulse was carried out ͓22͔. Significant asymmetries were found in the photoelectron angular distributions; moreover, these asymmetries were quite sensitive to the chirp of the attosecond pulse ͓22͔.
In this paper we investigate asymmetries of ionized electron momentum distributions produced by chirped few-cycle attosecond pulses with various fixed CEPs. Our results are based on solutions of the three-dimensional time-dependent Schrödinger equation ͑TDSE͒ for the ground state of the hydrogen atom interacting with a linearly polarized chirped few-cycle attosecond pulse. In contrast to Ref. ͓22͔, we investigate here the effects of the CEPs of few-cycle chirped attosecond pulses. In contrast to Ref. ͓15͔, we investigate here the attosecond regime for pulses having photon energies that greatly exceed the atomic binding energy, and which, in particular, are not resonant with excited atomic bound states.
We consider a chirped attosecond laser pulse having a Gaussian form similar to that used by others ͓14,15,22͔. The laser pulse is assumed to be linearly polarized along the z axis with its vector potential given by
where 0 is the CEP of the pulse, and the peak amplitude A, chirped carrier frequency ͑t͒, and time envelope F͑t͒ are given, respectively, by 
͑4͒
in which I au = 3.51ϫ 10 16 W / cm 2 is the atomic unit of intensity and the parameter is the chirp rate. The case = 0 corresponds to a transform-limited pulse with carrier frequency 0 , peak intensity I 0 , and pulse duration 0 ͑full width at half maximum͒. For a chirped pulse, the peak intensity and pulse duration are given, respectively, by I = I 0 / ͱ 1+ 2 and = 0 ͱ 1+ 2 . The optical period corresponding to the central carrier frequency 0 is defined as T 0 =2 / 0 .
Vector potential ͑1͒ simulates a realistic experimental case in which a nonzero chirp leads to an increase in the pulse duration and a decrease in the pulse intensity for a fixed total pulse energy, i.e., the same pulse energy as for an unchirped pulse. Most importantly, the frequency bandwidth of the chirped pulse remains the same as that of the corresponding unchirped pulse. As examples, we compare in Fig. 1 the vector potential for an unchirped pulse with those having a positive and a negative chirp.
For a hydrogen atom interacting with a chirped laser pulse, the time-dependent Schrödinger equation is
which is solved numerically in spherical coordinates. Details of our numerical methods can be found in our previous works ͓19,20,23͔. In brief, the wave function is expanded in spherical harmonics and the corresponding radial-wave functions are calculated using the finite difference method. The total wave function is propagated in time using the Arnoldi method. The maximum radial grid point is taken to be 2000 a.u. ͑with a grid spacing of ⌬r = 0.1 a.u.͒ so that even the fastest electronic wave packets are not reflected at the box edge prior to the end of the pulse. In the velocity gauge description of the interaction Hamiltonian, we obtain fully converged results when the maximum angular-momentum quantum number is taken to be eight. All other parameters ͑such as the propagation time step and the order of the Arnoldi propagator͒ are carefully chosen so that all results are fully converged. The probability that the ionized electron has momentum k is obtained by projecting the final wave function at time t f ͑i.e., after interaction with the laser pulse͒ onto the corresponding field-free continuum momentum state, ⌿ k − ͑r͒, i.e.,
As P͑k͒ has azimuthal symmetry for a linearly polarized pulse, the -integrated differential ionization probability is
where k = ͱ 2E, and the total ionization probability is thus
To quantify the asymmetry in the ionized electron momentum distributions, we define two normalized asymmetry parameters: A 1 measures the asymmetry of electrons ejected at 0°and 180°with respect to the laser polarization axis; A 2 is similarly defined but is calculated by integrating over a 10°cone around 0°and 180°. That is,
where P 0 + = ͐ 0 ϱ dEP͑E ,0͒ and P 0 − = ͐ 0 ϱ dEP͑E , ͒, and
where
Note that A 1 and A 2 are dependent on both the chirp rate and the CEP 0 .
In this work, the transform-limited laser pulses are chosen to have a carrier frequency 0 = 25 eV, pulse duration 0 = T 0 , and two peak intensities: I 0 =1ϫ 10 14 or 1 ϫ 10 15 W / cm 2 . These laser parameters have been chosen to be similar to those used in our previous studies ͓19,20͔ of CEP effects for unchirped pulses in order to facilitate comparisons. Note in particular that in Ref. ͓20͔ the asymmetry parameter A 1 was shown to scale as I 0 1/2 . In Fig. 2 , we show the differential probability distributions for ionized electrons P͑E , ͒ as a function of energy E along = 0 and = for five different chirp rates ͓24͔. ͓The values of are approximately those of some of the maxima of ͉A 1 ͉ for the two values of the CEP in Fig. 4͑c͒ .͔ To see the asymmetries more clearly, we show the results at the higher intensity, I 0 =1 ϫ 10 15 W / cm 2 , for two CEPs: 0 = 0.5 and 0. For each case in Fig. 2 , the electron distributions extend over the same energy range, as expected ͑since the bandwidth of a chirped laser pulse remains the same as that of a transform-limited pulse͒. For the case 0 = 0.5, when =0 ͓cf. Fig. 2͑a͔͒ , the = 0 and = curves have similar maximum values and become equal for an ionized electron energy of 8 eV. As increases from 0 to 1.5 ͓cf. Fig. 2͑b͔͒ , the energy at which the curves intersect shifts from 8 to 17 eV, and the curve for = 0 has a slightly higher peak value than that for = . In addition, a new intersection point occurs near 27 eV. When the sign of the chirp is reversed ͓cf. Fig. 2͑c͔͒ , the phenomena are very similar, with the intersection points shifting only slightly compared to those for positive chirp.
For a CEP 0 = 0, the asymmetry is barely observable for = 0. However, as one increases from 0 to 0.75 ͓cf. Fig.  2͑e͔͒ , the asymmetry between electrons ionized along =0 and is significantly increased. As in the case of 0 = 0.5, there are two intersection points, in this case near 4 and 23.5 eV. However, the most significant difference for the case of 0 = 0 is that the two curves along = 0 and exchange their relative magnitude when one reverses the sign of the chirp rate ͓cf. Figs. 2͑e͒ and 2͑f͔͒ . In other words, for 0 = 0 the asymmetry factor A 1 changes its sign when one reverses the sign of the chirp rate. For a CEP 0 = 0.5, however, the asymmetry factor A 1 does not change its sign when one reverses the sign of the chirp rate.
In order to see clearly the intersection points and their energy positions as is changed, it is useful to evaluate the difference between the differential probabilities along =0 and as a function of the electron energy, i.e.,
D͑E͒ = P͑E,0͒ − P͑E,͒. ͑11͒
In Fig. 3 , we plot D͑E͒ for two laser intensities I 0 =1 ϫ 10 14 and 1 ϫ 10 15 W / cm 2 , two CEPs 0 = 0 and 0.5, and four chirp rates indicated in each panel. The most striking feature is that, for both laser intensities, the curves of D͑E͒ for the same CEP 0 show the same structure but have higher magnitudes for higher intensity. When D͑E͒ = 0, the probabilities for electrons ejected along = 0 and are equal. For I 0 =1ϫ 10 14 W / cm 2 and =0, D͑E͒ equals zero only once ͓cf. Fig. 3͑a͔͒ . However as increases to 0.75, 1.5, and 3.5, respectively, in Figs. 3͑b͒-3͑d͒, the number of zeros increases to two, three, and eight, respectively, over the energy range shown. Thus, the number of oscillations of D͑E͒ increases as increases. Moreover, as shown in Fig. 3͑d͒ , the oscillation period in energy decreases as the electron energy increases. Most significantly, whereas for = 0, the asymmetry for a pulse having a CEP 0 = 0 is far smaller than that for one having a CEP 0 = 0.5; for a pulse with nonzero chirp, the asymmetries for the two CEPs become of comparable magnitude ͑although their maxima occur at different energies͒.
In Fig. 4 , we plot the asymmetry parameters A 1 and A 2 as continuous functions of ͑over the range −3.5Յ Յ +3.5͒ for two laser intensities I 0 =1ϫ 10 14 ͑left column͒ and 1 ϫ 10 15 W / cm 2 ͑right column͒, and two CEPs: 0 =0 ͑solid curves͒ and 0.5 ͑dashed curves͒. For the same CEPs 0 , the asymmetry parameters A 1 for both laser intensities show very similar oscillatory structures. In fact, results for the two intensities overlap each other exactly when we divide the higher intensity curve by a factor of 3.138, which is close to the ratio of the peak electric field strengths ͑i.e., 3.16͒. This is consistent with the intensity scaling law shown in Fig. 3 of Ref. ͓20͔, i.e., in which the asymmetry parameters scale with the square root of the laser intensity. Note also that A 2 , which is integrated over a 10°cone, shows very similar structure to A 1 but may be easier to measure experimentally.
The oscillatory structure of A 1 as a function of the chirp rate is caused by the chirp itself, and not by the increase in the laser-pulse length with increasing chirp ͑i.e., = 0 ͱ 1+ 2 ͒. This has been confirmed by calculations with transform-limited pulses having the same peak laser intensity, I = I 0 / ͱ 1+ 2 , and the same pulse duration as the corresponding chirped pulse. As expected, the asymmetry factor A 1 for these transform-limited pulses decreases uniformly with increase in the pulse length and does not show any oscillations as a function of the pulse length. As shown in Fig. 4 , the behaviors of the asymmetry parameters for the two values of the CEP differ markedly. For 0 =0, A 1 ͑͒ vanishes at a small negative chirp. As the magnitude of the chirp increases from zero, the asymmetry parameters quickly rise ͑decrease͒ to their maximum ͑mini-mum͒ values for positive ͑negative͒ chirps in the range 0.5 Յ ͉͉ Յ 0.75. For larger chirp magnitudes ͉͉, the asymmetry parameters oscillate with decreasing amplitudes. For 0 = 0.5, on the other hand, the asymmetry parameters take their maximum absolute values at a small positive chirp. For larger chirp magnitudes ͉͉, these asymmetry parameters oscillate with decreasing amplitudes. Finally, careful examination of Fig. 4 shows that the curves for 0 =0͑ 0 = 0.5͒ are only qualitatively antisymmetric ͑symmetric͒ with respect to positive and negative chirps of the same magnitudes. Thus, the ionized electron asymmetries for positive and negative chirps of equal magnitude differ in this case in which the photon energy is well above the ionization threshold.
In Fig. 5 , we show A 1 as a function of 0 for ͑a͒ =0, Ϯ0.75, and ͑b͒ =0, Ϯ1.5 for a few-cycle attosecond pulse of intensity I 0 =1ϫ 10 15 W / cm 2 . The asymmetry parameter A 2 is very similar to A 1 and is thus not shown. One sees from Fig. 5 that the curve for = 0 is approximately sinusoidal in the CEP. As the chirp rate is increased to 0.75 in Fig. 5͑a͒ , the curve approximates a cosine function and the maximum value of A 1 decreases slightly. Interestingly, when the sign of is reversed, i.e., = −0.75, the corresponding asymmetry parameter not only changes sign but is also phase shifted, indicating another difference between positive and negative chirp rates. As is further increased to 1.5 in Fig. 5͑b͒ , the changes are similar but more extreme: the amplitudes of oscillation decrease greatly and the phase shift between the curves for positive and negative chirps is much greater.
Before concluding, some remarks on the interpretation of these results are in order. First, the finding in Ref. ͓20͔ that the asymmetry parameter A 1 in Eq. ͑9͒ scales with intensity as I 1/2 was attributed to an interference between transition amplitudes of first and second orders in the laser pulse. This is consistent with interpretations of similar asymmetries found in photoexcited currents in semiconductors ͓25͔ as well as in ionization of Rydberg atoms by few-cycle radiofrequency pulses ͓26͔. It is also consistent with the general framework of Roudnev and Esry ͓27͔ for understanding CEP effects in quantum systems interacting with an intense short laser pulse, in which such effects are attributed to interference between transition amplitudes involving odd and even numbers of photons. All of these analyses were for the case of transform-limited pulses. In contrast to an unchirped pulse, which has a fixed carrier frequency and a fixed CEP, a chirped pulse has a time-varying carrier frequency or, from an alternative point of view, has a time-varying effective CEP: namely, the fixed CEP plus the time-varying part of the carrier frequency. Considered as a function of time, the asymmetry in the ionized electron distribution produced by a chirped pulse is thus much more sensitive to the time at which the electron is ionized. From an energy point of view, the asymmetry becomes a much more sensitive function of the ionized electron energy. Our results accurately portray this sensitivity.
Second, we have carried out strong-field approximation ͑SFA͒ calculations for few-cycle chirped pulses with central carrier frequency 0 = 25 eV in order to confirm that our present TDSE results are not sensitive to Rydberg levels in the H atom. In these SFA calculations, the initial state was the H atom ground state and the final states were Volkov states. The ionized electron asymmetries were found to be qualitatively similar to the exact results presented here.
In summary, in this paper we have analyzed numerically the asymmetries of ionized electron momentum distributions produced by chirped few-cycle attosecond pulses having various fixed CEPs. The central carrier frequency of the pulse is chosen to be 25 eV, which is well above the ionization threshold, so that the contribution of excited states is negligible, thus allowing us to focus on the effects of the pulse chirp. Our results are based on solutions of the threedimensional time-dependent Schrödinger equation for the ground state of the hydrogen atom interacting with a linearly polarized chirped few-cycle attosecond pulse. Our results allow one to make the following conclusions: first, for fewcycle attosecond pulses having even a small chirp, the asymmetry in the ionized electron momentum distribution can be changed significantly and is sensitive to the sign of the chirp. Second, this asymmetry is also quite sensitive to the CEP of the pulse, even for chirped pulses; the maximum asymmetry is very sensitive to both the chirp and the CEP, occurring for nonzero but small values of the chirp. Third, regarding the energy distributions along = 0 and = for chirped pulses, the asymmetry can vanish at particular electron energies that are very sensitive to the chirp. Finally, the present results demonstrate clearly that asymmetries in the momentum distributions of electrons ionized by few-cycle chirped attosecond pulses are highly sensitive to both the CEP and the chirp of the pulse, and, consequently, may prove useful to experimentalists for characterizing their pulses.
